Abstract. Let A be the generator of a nondegenerate local α-times in-
for all x ∈ X and 0 ≤ t, s, t+s < T 0 (see [9] ); or called a local (0-times integrated) C-cosine function on X if it satisfies (1.2), (1.3), and (
1.5) 2C(t)C(s)x = C(t + s)Cx + C(|t − s|)Cx
for all x ∈ X and 0 ≤ t, s, t + s < T 0 (see [7] ). Here Γ(·) denotes the Gamma function. Moreover, we say that C(·) is (i) locally Lipschitz continuous, if for each 0 < t 0 < T 0 there exists a K t 0 > 0 such that (1.6)
C(t + h) − C(t) ≤ K t 0 h for all 0 ≤ t, h ≤ t + h ≤ t 0 ;
(ii) nondegenerate, if x = 0 whenever C(t)x = 0 for all 0 ≤ t < T 0 . In this case, its (integral) generator A : D(A) ⊂ X → X is a closed linear operator in X defined by D(A) = {x ∈ X| there exists a y x ∈ X such that C(t)x − In general, a local α-times integrated C-cosine function on X is also called an α-times integrated C-cosine function on X if T 0 = ∞ (see [1, 2, [6] [7] [8] [9] [10] [11] [12] [13] [14] 16, 17] ), an α-times integrated C-cosine function may not be exponentially bounded (see [9] ), and the generator of a local α-times integrated C-cosine function may not be densely defined (see [2, 16] ). Moreover, a local α-times integrated C-cosine function is not necessarily extendable to the half line [0, ∞) except for C = I the case of cosine function(that is, C = I and T 0 = ∞)(see [1, 3, 4] ). Here I denotes the identity operator on X. The concept of α-times integrated C-cosine functions has been extensively applied to discuss the existence of (strong, mild or weak) solutions of ACP (A, f, x, y) when α ∈ N ∪ {0}(see [3, 7, 12, 14, 16] ) or C = I(see [2, 4, 13] and their references). Some equivalence conditions between the existence of an α-times integrated C-cosine function and the unique existence of (strong or weak) solutions of ACP (A, f, x, y) are also discussed as in [9] [10] [11] . Several examples concerning α-times integrated cosine functions with densely defined generators are given as in [2, 6, 17] . All consequences of this paper are motivated by the aforementioned results as in [1, 6, 8, 12, 15] for which the concept of α-times integarted C-semigroups is used to obtain some existence and approximation theorems concerning (strong or mild) solutions of the following first order abstract Cauchy problem:
In section 2, we first show that ACP (A, Cf, Cx, Cy) has a unique strong solution is equivalent to
, and x, y ∈ X. Here j β (t) = t β /Γ(β +1) for β > −1 and t > 0, and
is odd, and
Here [α] denotes the largest integer that is less than or equal to α, l = [
) when α ≥ 2, and both (1.10) and (1.11) are satisfied. Applying these results we can also deduce some new approximation theorems in section 3 concerning the unique strong solution of ACP (A, f, x, y).
EXISTENCE THEOREMS
From now on, we always write [α] to denote the largest integer that is less that or equal to the real number α, and f * g(·) Next we note some basic properties concerning nondegenerate local α-times integrated C-cosine functions which are frequently applied in the following and have been deduced as in [9] for the case T 0 = ∞, and so their proofs are omitted. C is injective and The next lemma is a direct consequence of Definition 2.1, and so its proof is omitted.
The next theorem is motivated by Arendt [1, Prop. 5.1 and Thm. 5.2] in which the first order Cauchy problem (1.7) is considered.
Theorem 2.4. Let A be the generator of a nondegenerate local α-times
integrated C-cosine function C(·) on X for some α ≥ 0, f ∈ L 1 loc ([0, T 0 ), X) ∩ C((0, T 0 ), X), and x, y ∈ X. Assume that v(·) = C(·)x+S(·)y+S * f (·) on [0, T 0 ). Then ACP (A, f, x,
y) has a strong solution u if and only if v(t) ∈ R(C) for all
Proof. We consider only the case α>0, for the case α =0 can be treated similarly. Now if u is a strong solution of ACP (A, f, x, y).
, and
for all 0 ≤ t < T 0 , and so
Combining this, and the closedness of A with the fact
Combining these facts with induction, we also have
By slightly modifying the proof of Theorem 2.4, the next corollary is also attained.
Corollary 2.5. Let A be the generator of a nondegenerate local α-times
integrated C-cosine function C(·) on X for some α ≥ 0, f ∈ L 1 loc ([0, T 0 ), X) ∩ C((0, T 0 ), X), and x, y ∈ X. Assume that v(·) = C(·)x + S(·)y + S * f (·) on [0, T 0 ). Then ACP (A, Cf, Cx, Cy) has a unique strong solution u if and only if v ∈ C α+1 ([0, T 0 ), X) and D α+1 v ∈ C 1 ((0, T 0 ), X). In this case, we have u = D α v on [0, T 0 ). Moreover, v ∈ C α+2 ([0, T 0 ), X) (resp., v ∈ C α ([0, T 0 ), [D(A)])) if and only if u ∈ C 2 ([0, T 0 ), X) (resp., u ∈ C([0, T 0 ), [D(A)])).
Proposition 2.6. Let α ≥ 1, and C(·) be a nondegenerate locally Lipschitz continuous local α-times integrated C-cosine function on X with generator
Proof. It is easy to see that
for all x ∈ D(A) and 0 ≤ t < T 0 . Applying the closedness of A and (2.3), we also have
for all x ∈ D(A) and 0 ≤ t < T 0 . It follows from the uniqueness of solutions of
We conclude from [9, Thm.2.3 or 11, Thm.2.5] that C 1 (·) is a nondegenerate local (α − 1)-times integrated C 1 -cosine function on X 1 with generator A 1 .
Remark 2.7. Let A be the generator of a nondegenerate locally Lipschitz continuous local α-times integrated C-cosine function C(·) on X for some 0 < α < 1. Then A is also the generator of a nondegenerate norm continuous local 
Proof. Clearly, 
(A), and either α is even with A l y ∈ D(A) and w ∈ D(A l ); or α is odd with y ∈ D(A l+1 ) and A l w ∈ D(A).

Proof. Indeed, if we set k = [α] and f
and (2.11)
By induction, we have
for all m ∈ N and v ∈ D(A m ), and so
and (2.15) 
By slightly modifying the proof of Theorem 2.9, the next theorem is also attained.
, and C(·) be a nondegenerate locally Lipschitz continuous local α-times integrated C-cosine function on X with generator
and (2.20)
, and either α is even with
Remark 2.11. If α ≥ 2, and u is the unique strong solution of ACP (A, Cx on X is said to be uniformly locally Lipschitz continuous, if for each 0 < t 0 < T 0 there exists a K t 0 > 0 such that
, and C(·) be a nondegenerate locally Lipschitz continuous local α-times integrated C-cosine function on X with generator A. Assume that x ∈ D(A), y, z ∈ X, and g
We first apply Theorem 2.9 to obtain an approximation theorem concerning strong solutions of ACP (A, Cz 
is uniformly locally Lipschitz continuous, and lim 
